Abstract. Let (M, F ) be a complete foliated Riemannian manifold and all leaves be compact. Then we prove the generalized maximum principle. Moreover, let (M ′ , F ′ ) be a foliated Riemannian manifold of non-positive transversal sectional curvature. Assume that the transversal Ricci curvature Ric Q of M satisfies Ric Q ≥ −λ 0 at all point x ∈ M and either Ric Q > −λ 0 at some point x 0 or Vol(M) is infinite, where λ 0 is the infimum of the spectrum of the basic Laplacian acting on L 2 -basic functions on M. Then every transversally harmonic map φ : M → M ′ of a finite transversal energy is transversally constant.
Introduction
Let (M, F ) and (M ′ , F ′ ) be two foliated Riemannian manifolds. A foliated Riemannian manifold means a Riemannian manifold with a Riemannian foliation. Let φ : (M, F ) → (M ′ , F ′ ) be a smooth foliated map, i.e., φ is a smooth leafpreserving map. The smooth map φ is said to be transversally harmonic if the transversal tension field τ b (φ) vanishes, i.e., τ b (φ) = 0 [6] . Transversally harmonic maps are generalizations of harmonic maps because transversally harmonic maps are just harmonic maps on the point foliation. For more information about transversally harmonic maps, see [3, 6, 9, 10] . For harmonic maps, the classical Liouville theorem is well known. Namely, any bounded harmonic function defined on the whole plane must be constant. The classical Liouville theorem has been improved in several cases [4, 14, 16] . In this article, we study the Liouville type theorem for the transversally harmonic map between foliated Riemannian manifolds. Let λ 0 be the infimum of the spectrum of the basic Laplacian ∆ B acting on L 2 -basic functions on M. Then we have the Liouville type theorem for transversally harmonic map as follows.
Main Theorem (c.f. Theorem 4.3) Let M be a complete foliated Riemannian manifold with the coclosed L 2 -basic mean curvature form κ B and all leaves be compact. Let M ′ be a foliated Riemannian manifold with non-positive transversal sectional curvature. Assume that the transversal Ricci curvature Ric Q of M satisfies Ric Q ≥ −λ 0 at all point x ∈ M and either Ric Q > −λ 0 at some point x 0 or Vol(M) is infinite. Then any transversally harmonic map φ :
of finite transversal energy is transversally constant, i.e., the induced map between leaf spaces is constant.
When F is a point foliation, the main theorem has been found in [4] .
Preliminaries
Let (M, g, F ) be a (n + q)-dimensional foliated Riemannian manifold with a foliation F of codimension q and a bundle-like metric g with respect to F [16] . Let T M be the tangent bundle of M, L its integrable subbundle given by F , and Q = T M/L the corresponding normal bundle. Then we have an exact sequence of vector bundles
where π : T M → Q is a projection and σ : Q → L ⊥ is a bundle map satisfying π•σ = id. Let g Q be the holonomy invariant metric on Q induced by g = g L +g L ⊥ , i.e., θ(X)g Q = 0 for X ∈ ΓL, where θ(X) is the transverse Lie derivative. Let R Q , K Q , Ric Q and σ Q be the curvature tensor, transversal sectional curvature, transversal Ricci operator and the transversal scalar curvature of F , respectively.
. Let κ be the mean curvature form of F and let κ B be the basic part of κ. Then κ B is closed, i.e., dκ B = 0. The basic Laplacian acting on Ω * B (F ) is defined by
2) where δ B is the formal adjoint of d B = d| Ω * B (F ) [1] . Generally, it is well-known [13] 
, where δ is the formal adjoint of d. But for any basic 1-form φ, δ B φ = δ B φ. Hence ∆| Ω 0 B (F ) = ∆ B [13] , where ∆ is the Laplacian on M. Let {E a }(a = 1, · · · , q) be a local orthonormal basic frame of Q. Let ∇ be the transversal Levi-Civita connection in Q [11, 15] . Then we define ∇ *
where Now, the connection ∇ extends the partial Bott connection [7] by
Then A Y preserves the basic forms and depends only on π(Y ). Moreover, for any
Hence we have [6] that
where Y s = σ(s) ∈ ΓT M. Let E be a vector bundle over M and Ω r B (E) ∼ = Ω r B (F ) ⊗ E be the space of all E-valued basic r-forms. Let ∇ be also the connection on E. Then the operator A Y is extended to Ω r B (E) [6] . Now we define
for any φ ∈ Ω r B (F ) and s ∈ ΓE. Let δ ∇ be the formal adjoint of d ∇ . Then we define the Laplacian ∆ on Ω
Let∇ be the connection on Ω * B (E) and θ a be the g Q -dual 1-form to E a . Then the generalized Weitzenböck type formula on Ω r B (E) is given by [6] ∆Φ =∇ * 9) where ·, · is an inner product on Ω r B (E). For the later use, we recall the first Kato's inequality [2] . The equality holds if and only if there exists a basic 1-form α such that∇ X Φ = α(X)Φ for any X ∈ T M.
Generalized maximum principle
Let (M, g, F ) be a complete foliated Riemannian manifold with a foliation F and a bundle-like metric g with respect to F . Assume that all leaves of F are compact. Now, we consider a smooth function µ on R satisfying
Let x 0 be a point in M. For each point y ∈ M, we denote by ρ(y) the distance between leaves through x 0 and y. For any real number l > 0, we define a Lipschitz continuous function ω l on M by
Trivially, ω l is a basic function. Let B l = {y ∈ M|ρ(y) ≤ l} for l > 0. Then ω l satisfies the following properties:
where C is a positive constant independent of l [17] . Hence ω l φ has compact support for any basic form φ ∈ Ω * B (F ).
Proof. Since ω l has compact support, for p > 1, by Hölder inequality, 
, then f is basic harmonic, i.e., ∆ B f = 0. Proof. Let φ be a L 2 -basic form. Then we have
Note that for any vector field X, i(X)φ, ψ = φ, X b ∧ φ for any φ ∈ Ω r B (F ) and ψ ∈ Ω r−1 B (F ). Hence if ∆ B φ = 0, then from (3.2) and the Schwartz's inequality,
On a complete foliated Riemannian manifold, it is well-known that d B κ B = 0 [12] . So we have the following generalized maximum principle. 
Proof. Let g = f p/2 . By a direct calculation, we have
By the assumption, we have
On the other hand, by direct calculation, we have
So, from (3.4) and (3.5), we have that, for any real number ǫ > 0,
Hence d B g = 0 and so d B f = 0, i.e., f is constant. ✷
Liouville type theorem
Let (M, g, F ) and (M ′ , g ′ , F ′ ) be two foliated Riemannian manifolds. Let ∇ and ∇ ′ be the transverse Levi-Civita connections on Q and Q ′ , respectively. Let
be a smooth foliated map, i.e., φ is a smooth leaf-
where (
And the transversal tension field of φ is defined by
where {E a }(a = 1, · · · , q) is a local orthonormal basic frame on Q. Trivially, the transversal tension field
is said to be transversally harmonic if the transversal tension field vanishes, i.e., τ b (φ) = 0 [6] . And the transversal energy of φ on a compact domain Ω is defined by
where
). Then we have the first variational formula [6] 5) where V = dφt dt | t=0 is the normal variation vector field with a foliated variation {φ t } of φ. Hence if F is minimal, then the transversal harmonic map is a critical point of the transversal energy E B (φ; Ω) of φ supported in a compact domain
B (E), from (2.9), we have the generalized Weitzenböck type formula.
Note that [6] for a smooth foliated map φ :
Hence we have the following corollary. On the other hand, by the assumptions Ric Q ≥ −λ 0 id and K Q ′ ≤ 0, we have from (4.6) 
